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ABSTRACT

e describe a visualization environment for examining the behavior of nematic liquid crystal materials. This permits exam-
ination of the local behavior of the solution, which is a tensor, and the identification of properties of physical importance,
such as orientation, order, and axiality.
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1. INTRODUCTION

Liquid crystalsare so called because they exhibit some of the propertiesof both theliquid and crystalline states.
In fact they are substances which, over certain ranges of temperatures, can exist in one or more mesophases
somewhere between therigid lattices of crystalline solids, which exhibit both orientational and positional order,
and the isotropic liquid phase, which exhibits neither. Liquid crystals resemble liquidsin that their molecules
are free to flow and thus can assume the shape of a containment vessel. On the other hand they exhibit orien-
tational and possibly some positional order. This is due to the intermolecular forces which are stronger than
those in liquids and which cause the molecules to have, on average, a preferred direction. Liquid crystals may
exist in anumber of mesophases, such as the nematic, smectic, cholesteric phases (see (Collings, 1990)). Here
we confine ourselves to nematic liquid crystals, which exhibit orientational but no positional order.

In many liquid crystal devices, the liquid crystal molecules at the edge of the device are mechanicaly
given a specific orientation which induces the molecules in the interior of the device to mimic that orientation
to the extent possible. For a given device geometry and a given molecular edge orientation, it may not be
possible for the liquid crystal moleculesto duplicate that edge orientation throughout the interior of the device.
For instance consider a thin slab containing liquid crystal material in which the molecules at the edge of the
device are oriented radialy. Thisisillustrated in Figure 1. Since the radia orientation cannot be maintained
throughout the interior, pockets of liquid crystal with no fixed orientation form. These pockets, called defects,
are illustrated by the empty spaces in Figure 1, and, depending on the temperature and magnetic or electric
field strength, will form in different places. It is of significant importancein liquid crystal research to develop
computer model s which can accurately determine the orientation and the defects of liquid crystalsin a confined
medium, especially in the presence of changing temperature and field intensities.

In this paper, we describe a visualization environment, which enables us to examine the results of acompu-
tational cluster based simulation in order to view the molecular orientations and the existence of defects. The
computational techniques and the visualization environments are implemented for three dimensional problems.



However, in this paper, we will limit the illustrations to the case of two dimensional problems, in order to facil-
itate reproduction in grey scale. The paper is organized as follows:. In section 2, we give a brief description of
the mathematics of the liquid crystal model. In section 3, we describe the issues and techniques for visualizing
the results, and in section 4, some of the additional functionality.

Figure 1: Liquid crystal orientation for scaled temperature 7 = 0.3013 and 7 = 0.3174

2. THELIQUID CRYSTAL MODEL

We begin with adescription of the liquid crystal problem. The problem under consideration isto determinethe
minimum energy equilibrium configuration of liquid crystalsin aslab

Q = {(z1,22,23):0< 21 <a,0<29<D,0< 23 <c} D

with surface 992. Using the Landau-de Gennes formulation, the free energy can be expressed in terms of a
tensor order parameter field Q); see Priestly et a. (Priestly, Wojyowicz and Sheng, 1975). The free energy is
given by

F(Qa T) = Fvol(Q7 T) + Fsurf(Q) = / fvol(Qa 'T)dV + 5 fsurf(Q)dSa (2)
Q Q
where @ = Q(p), p € 2, isa3 x 3 symmetric traceless tensor, which is represented by
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and the ¢; are real-valued functions on €2. The ¢; are to be determined so that the free energy (2) is minimal.
The representation
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uses the convention that summation over repeated indicesisimplied and indices separated by commas represent
partial derivatives. For example,
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The parameters A,B,C L1, Lo and L3 depend on the liquid crystal properties. The parameter A also depends
on the temperature of the liquid crystal material. In this paper we assume strong anchoring, i.e.

Fsurf(Q) = 20 fsurf(Q)dS = 0. (5)



Details can be found in (Farrell, Ruttan and Zeller, 1992; Priestly, Wojyowicz and Sheng, 1975; Virga, 1994).

The minimum energy equilibrium configuration of the liquid crystals is determined by solving the Euler-
Lagrange equations associated with (2). These equations yield a boundary value problem for a system of
nonlinear partia differential equationsfor the ¢;.

For the current paper, we will assume that the liquid crystal material is contained in a small cube. By
changing the length scal e, the domain of the problem can be changed from asmall cubeto astandard1 x 1 x 1
cube. Discretizing the Euler-Lagrange equations on the unit cube using finite differences produces alarge three
dimensional grid of points, typically with at least 100 points along each edge, that is about 100 * points.

For each point p; j . = (x4, 3, %) inthis grid, there are 5 variables representing the val ues of

q1 (pi,j,k)a ceey %(Pi,j,k)

in the expansion of the tensor at that point, and 5 discretized Euler Lagrange equations. This producesasystem
on the order of 5 x 10% nonlinear equationsin 5 x 10% unknowns. We represent this by

G(Q,T) = 0. (6)

We solve this system by Newton's method. Each iteration of Newton’s method requires the solution of a
linear system of equationswith the matrix of partial derivatives G ¢ (@), 7') obtained from the discretized Euler-
Lagrange equations. Since the matrix G o (Q, 7) is extremely large, on the order of 10¢ x 106 and sparse, each
row containing no morethan 5 x 27 entries, iterative methods must be used to solve the linear system arising
from Newton's method. Since G (Q,7) can be indefinite or singular for some values of Q and 7 we use
the Krylov subspace method MINRES (D. Calvetti, L. Reichel, and Q. Zhang, 1994) to solve the those linear
systems.

Due to the complexity of the liquid crystal equations, the C code for Newton's method is generated using
aMaple program. It calculates the Euler-L agrange equations symbolically and discretizes them using centered
difference approximations for the derivatives. The resulting equations for a given point depend on the data at
that point and the data at the closest 26 points, that is the pointsin the 3 x 3 x 3 sub-cube centered at that point.
To conserve memory we use a matrix-free formulation, that is the entries of G o(Q, 7') are not stored, but are
calculated as needed.

Our visualization system can work with local datafiles which could be generated by one of these solvers or
work with one of these solversdirectly. If it workswith asolver, then it servesasafront end for the computation
using a canonical interoperative client-server communication. In fact, the full computation is a path following
problem since there may exist multiple solutions at each temperature. Our visualization system can potentially
steer this path following process as well.

3. VISUALIZING LIQUID CRYSTALS

Bailey developed an initial version of such a system in (Bailey, 1996) for liquid crystal order parameter tensor
field visualization, which renders the tensor field using the proprietary Hewlett-Packard Starbase graphics li-
brary. The system described here isimplemented in OpenGL in order to enhance portability, and incorporates
extended visualization options and functionality, which include two more rendering modes, interactive zoom-
ing and picking to identify data values. The main control panel and one of these modes, the tensor mode, are
shownin Figure 2.

3.1 Director, order parameters, and defects

The orientation of liquid crystals can be abstracted by a director field, n = (n ,, ny, n.), which isaunit vector
defined in space. The direction of the molecul€e's long axis changes constantly due to thermal fluctuation and
the thermal average of all possible directions gives the director. Since experimentally the nematic phase is not
ferroelectric, physically n and —n are equivalent. One way to characterize the degree of alignment of the axis
of rodlike molecules, isto use the order parameter defined as S = 1 < (3cos?6 — 1) >, where <> represents
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Figure 2: Visualization environment

the thermal average, and 6 is the angle between the molecule and the director n. Thelarger .S, the more ordered
the molecules.

The above definition of order parameter can be naturally generalized to the order tensor Q = % < 3nn” —
I >, where n” is the transpose of the director n and I is the identity matrix. The tensor @ is traceless and
symmetric. Sinceit is symmetric, all its eigenvalues are real. If al its eigenvalues are equal then they must
be zero due to the traceless property. In this caseit is an isotropic liquid; if two of them are equal, theniitisa
uniaxial nematic; if none of them are equal, it is biaxial. Distinguishing these cases is considered important for
avisualization environment.

In afree space, that is one without boundaries and external fields, the director field is uniform. However,
the director can be easily altered by surface alignment and/or externa field. Thus, it is possible that the director
field undergoes some distortions: splay, twist, and bend. If the director field is not a smooth function of r at al
points, the singular points and lines are called defects. One can compute the energy of a defect according to
elastic theory. Since in a defect core the director is not asmooth function, one has to take some approximation.
Oneargument is that the energy is so high that the defect coreisin anisotropic state. On the contrary, Schopohl
and Sluckin (Schopohl and Sluckin, 1987) found that the defect coreis not isotropic, instead, it is biaxial.

The objective of the environment is to allow us to examine the orientation of the molecules in the most
intuitive way possible, together with some related information such as energy. To enable this, three panels can
display atensor representation of the the molecules, a representation of the el genvectors and eigenvalues of the
tensor, and a representation of the energy. We describe the first two of these in the next sections.

3.2 Tensor rendering mode

The purpose of the tensor rendering mode is to use different geometriesto visuaize the tensor field. These are
oriented in space according to the orientation of the eigenvectors of the @ tensor, and modified by transforma-
tions related to the eigenvalues. Color coding is used to convey further information related to the eigenvalues.
The choice of bases, shape transforms, and color coding can be changed interactively using pulldown menus.

Three different geometrical shapes, sphere, circle, and axes are used as bases to represent the liquid crystal
molecules. These do not convey any information about the local material properties by themselves. To do this
we apply aloca shape transform and also color code the basis el ement.



3.2.1 Shape Transforms

The shape transforms available consist of three transforms, called Axiality, Average Motion, and Energy in
addition to an identity transform. In all cases the basis element is first rotated to align its x,y,z axes with the
eigenvectorsat the point, and translated to the correct position in space. In all cases, if the scaling factor in any
direction is too small, it is clamped at a prespecified small positive value. This not only not permits a visible
representation in three dimensions but also eliminates a singular value problem, which might also arise later.

The Axiality transformation scheme is as follows. Let the three eigenvalues be A1, A2, and A3. The
corresponding eigenvectors u, v, and w are (w1, us,us), (v1,v2,vs), and (wr,ws,ws), respectively. Then
A, = X —min(Ai, A2, Az), i = 1,2, 3 arethe scaling factors in the three eigenvector directions u, v, and w. In
auniaxial region, thetwo smallest eigenvaluesare equal and thus are clamped giving rise to along cigar shaped
ellipsoid. To increase the dynamic range, these transformed values can be normalized with respect to, for ex-
ample, the largest possible difference of eigenvalues over the whole tensor field. Figure 3 below illustrates two
cases of the axiality shape transforms.

In the Average Motion transformation the scaling factor in each direction reflects the average tendency
for the molecule to orient in that direction in the sense of statistical physics. Loosely, this is analogous to the
concept of an electron cloud. In this scheme the scaling factors are computed as

N 1 Smaz)
! 3Smaw ,

where S, 1S the maximum eigenvalue across the whole tensor field. If the boundary conditions specify a
uniaxial field at the boundary, the eigenvalues achieve the global maximum value, that is, at the boundary the
eigenvalues are S, — 15, —15, where S = S,,4,. In that case, the scaling factors become 1, 0, 0. A less
convenient property of this scheme is that, when the anisotropy is weak, that is, the maximum eigenvalue is
much less than S,,,..., al three scaling factors are close to % As a consequence it is hard to tell whether the
regionis uniaxial, biaxial, or negative uniaxial.

The Eigenvalue transform uses the absolute values of the eigenvalues as scaling factors directly. A disad-
vantageis that this scheme cannot distinguish between positive and negative eigenval ues.
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Figure 3: Uniaxial tensor Biaxial and negative uniaxial tensor

3.2.2 Color Coding

Asindicated above each of the transformation schemesfail to convey all the propertiesdesired. To remedy this,
the environment al so supports four coloring schemes for the transformed basis elements, corresponding to Axi-
ality, Order, Ratio, and Energy Density. Let ., and l,,,;, bethe eigenvalues with maximum and minimum
absolute values respectively. While the above symbols are defined locally, we also define aglobal value S ;4.



which is the largest eigenvalue across the full tensor field. Aswe noted earlier, the largest eigenvalue may be
achieved on the boundaries where no defects are involved or if there is a defect at a point far away from the

boundary.
There are actually four variations on the Axiality coding available. In all cases, afunction
258 N2
o) = 2= g

max

where p isadatapoint a (x, y, z), is used to define the color. The only difference among the schemes s the
method of generating the color mapping.

Inthefirst, if |Lnaz| < Smaz/12, then the color is set to a constant color such as grey, otherwise the above
function is used. To distinguish between positive [,,,,,. and negative ..., two different color lists can be used.
Thus |12f(p)] can be used as an index to the color list, where | | is the floor function. The color lists were
chosen so that for positive (..., the colors range from blue to red, and for negative! ,...., the colors range from
red to green. Inthe second variation, if /., = 0 (isotropic), adefault color (dark grey for example) is assigned
to the data object.

In the third variation there is no predefined color list. The RGB values are generated instead. If |1 00| <
Smaz/12, the RGB tuple is (1/3,1/3,1/3) which yields a shade of grey, otherwise, the f(p) is clamped
between 0 and 1. If I,,,4. < 0, thetupleis (1 — f(p), 0, f(p)) which gives colors ranging from blue to red, and
if Lz > 0, thetupleis (0,1 — f(p), f(p)) which gives colors ranging from blue to green.

In the fourth variation, the f(p) is clamped between O and 1. If [, < 0, the RGB
tuple is ((1 — f(®)llmazl/Smaz, 0, f(©)llmaz!/Smaz), ad if lpe > 0, the tuple is (0,(1 —
F@)lmaz!/Smaz, f(P)|lmaz|/Smaz)- The range of colors given by this scheme depends on the value of
[lmaz]- If |lmaz| 1S cOMparableto S,,,.., the colors range from blue to red for negative l ,,,... and from blue to
greenfor positive l,,4z- If |lmax| ismuch lessthan S,,,..., the colors are close to dark grey.

The colors given by thefirst three variations do not depend on theratio |I .42 |/ Smas 8nd these schemesare
regarded as local schemes. The colors generated by the fourth variation does depend on |1 1,42/ Smaz @ditis
thus a global scheme.

In the Order coding there are two variations, Order and Log Order. In the first, the function f(p) is
defined as

3
Zi:l )\12

N

If f(p) <1, [12f(p)] isused to index a color list which changes from blue to red; otherwise, [12/f(p)] is
used to index another possible color list which changes from blue to green, for example.
In the Log Order scheme, the function f(p) is defined as

f(p)

S A
/35 ma

Two color lists are employed. f(p) is clamped between -12 and 12. The negative value and nonnegative of
| f(p)| are used to index two color list respectively. Obviously, 25 different colors are used here. The two color
lists range from blue to red and blue to green respectively.

The two remaining color codings are a Ratio coding and an Energy Density coding. The Ratio coding
calculates the ratio between [,,,;, and l,,,q.. If [;a = 0, adefault color (dark grey) is assigned, otherwise
| 24|l 1min/lmaz| | 1SUsed toindex acolor list ranging from blueto red. In the Ener gy Density coding the energy
density at each point is calculated. Assume the energy density at the data point is e and the global maximum
and minimum energy densities are e,,;, and e,,q, respectively. Thevalue of |12(e — emin)/(€maz — €min) |
can be used to index a color list (blueto red).

f(p) = —logs



3.3 Vector rendering mode

In the vector mode, three eigenvectors are rendered to different viewports according to some criterion. The
eigenvalues are color coded. One scheme (called by clicking the Sorted button) is to sort the vectors based
on the magnitude of their corresponding eigenvalues, which proved to be problematic. We thus devel oped
an alternative algorithm, called by clicking the Grouped button, where eigenvectors are separated using an
agorithm, which minimizesthe local energy. The grouping processis reminiscent of the epitaxial expansionin
the anchoring of liquid crystals on a surface, and is described in detail in (Zhu and Farrell, 2002). An example
of the vector mode representation near a defect is shown in Figure 4.
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Figure 4: Zoomed vector representation

4. ADDITIONAL CONTROLS

The visualization system initializes with a control widget, which permits selecting the input from a datafile or
from a connection to aremote computational engine. A standard file browser allows selection of adatafile. For
the computational engine case a server address can be set. In this case, the control widget will open a socket
by using the given address, connect to that server, and get a set of default parameters from that server. For
the latter case, the program does not start the calculation immediately since the user may wish to modify the
parameters.

In addition to the application specific visualization widgets described above, popup menus providefor more
standard functionality such as rotation, translation, selecting a stride into the data set to reduce the density,
changing the representation from wire-frame to filled polygon, and changing the projection from perspective
to paralel. The parallel option was included, since in the perspective projection, it is hard to distinguish an
escaped liquid crystal director field, that is one where the principal directionisout of the plane, from one where
the directors are paralld to the direction from the eye to the center of viewport. In the implementation, if any
scaling factor is zero, we set its value to a very small value, instead of setting it to zero exactly, otherwise the
scaling matrix becomes singular and does not have an inverse matrix. It was also noted that although the filled
polygon representation is more visually attractive, the wireframe mode proved more popular in practice.

To alow examination of only part of the data set, a bounds popup button alows the user to change the
bounds in the three coordinate directions. Each coordinate has two dliders to control the lower and upper
bounds. Error checkingisincluded to prevent the user from setting incorrect bounds. A subsidiary pane, which
awaysincludesthefull areaisincluded (see Figure 2). When bounds are set the subsection selected isindicated
on it, and when zooming is used the point at the center of the zoom areaisindicated. The effects of the bounds
and the corresponding contents of the subsidiary pane are shown in Figure 5.

The user may aso select from two functionalities for the mouse buttons. In one the left and right buttons
zoom in and out at the point pointed to by the mouse. The other uses the OpenGL select functionality to
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permit picking of individual data elements. When an element is picked, the corresponding eigenvalues and
eigenvectors are displayed.

5. CONCLUSION

We have described a visualization environment for nematic liquid crystals, which enables us to detect not only
the local average orientation of the molecules, but also the strength of the alignments with that direction. We
can aso easily see, where the nature of the solution varies from uniaxial, to biaxial, to negative uniaxial, and
the local average motion and energy density. The environment can also be connected to a computational server
actively running a solution of the Landau-de-Gennes equations to monitor the evolution of the solution with
temperature.
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